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Abstract
The purpose of this note is to give a connectivity condition for a graph to have a rooted complete bipartite minor. Here, a
rooted complete bipartite graph minor Ka,k means that for any distinct k vertices v1, ..., vk , there are connected subgraphs
H1, ..., Ha,K1, ..., Kk such that each of Ki contains vi and is adjacent to all H1, ..., Ha .
Roughly, our results say that if G is large enough, then the linear connectivity on the function of k guarantees the existence of
a rooted Ka,k-minor (for any a), and in general, the connectivity condition on the existence of a rooted Ka,k-minor is “almost”
the same as the average degree which forces the existence of a Ka,k-minor.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
We say a graph has a rooted Ka,k-minor if for any distinct k vertices v1, ..., vk , there are connected subgraphs H1, ..., Ha,
K1, ..., Kk such that each of Ki contains vi and is adjacent to all H1, ..., Ha .
Rooted minor problems are studied by many researchers. For instance, the following result is known.
Theorem 1.1 (Robertson-Seymour [11]). Suppose G is 3-connected. Then G has a rooted K2,3-minor unless G is planar and
all v1, v2, v3 are on the boundary of the same face.
Actually, this result is used to prove more interesting results on Hadwiger’s Conjecture, see [12,7].
Furthermore, the rooted K2,4-minor problem and the rooted K3,4-minor problem are discussed in [4,5], respectively.
The purpose of this note is to prove the following results.
Theorem 1.2. For any a, there exists a constantN =N(a) such that every 25k-connected graph with at leastN(a) vertices has
a rooted Ka,k-minor.
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Theorem 1.3. The following statements hold:
(1) Suppose a k. If G is (( 2
√
a+k
2k
1+ a+k2k
+ o(1))r√log r)-connected, where  = 0.638... and r = a + 3k, then G has a rooted
Ka,k-minor.
(2) Suppose a k. If G is (( 2
√
2k
a+k
1+ 2k
a+k
+ o(1))r√log r)-connected, where  = 0.638... and r = a + 3k, then G has a rooted
Ka,k-minor.
(3) Suppose a + k > (360k(1+ log2 k))1+12k(1+log2 k). Then, every (a + 7k)-connected graph has a rooted Ka,k-minor.
(4) For every 0< < 10−16, there exists a number a0 = a0() such that every graph of connectivity at least (1 + )(a + k)
has a rooted Ka,k-minor, where a a0 and 2k 7 a+klog(a+k) .
To prove our main results, we shall use the following deep results.
Theorem 1.4 (Böhme et al. [1]). For any a, there exists a constantN =N(a) such that every 25k-connected graph with at least
N(a) vertices has a Ka,k-minor.
Theorem 1.5 (Myers and Thomason [9]). Suppose s = ct for some constant 0<c 1. If G has an average degree at least
( 2
√
c
1+c + o(1))r
√
log r , where = 0.638... and r = s + t , then G has a Ks,t -minor.
Theorem 1.6 (Kostochka and Prince [8]). Let s and t be positive integers with t > (180s log2 s)1+6s log2 s . Then every graph
of average degree at least t + 3s has a Ks,t -minor.
Theorem 1.7 (Kühn and Osthus [6]). For every 0< < 10−16, there exists a number t0 = t0() such that for all integers t t0
and every s 7 (t/ log t), every graph of average degree at least (1+ )t has a Ks,t -minor.
Note that the difference between Theorems 1.6 and 1.7 is whether s is much smaller than logarithmic in t.
All graphs considered in this note are ﬁnite, undirected, and without loops or multiple edges. A graph H is a minor of a graph
G if H can be obtained from G by deleting edges and/or vertices and contracting edges. An H-minor of G is a minor isomorphic
to H.
For a subset S of V (G), the subgraph induced by S is denoted by 〈S〉. For a subgraph H of G,G−H= 〈V (G)− V (H)〉, and
for a vertex x of V (G) and for an edge e of E(G),G− x= 〈V (G)− {x}〉 andG− e is the graph obtained from G by deleting e.
For graph-theoretic terminology not explained in this note, we refer the reader to [3].
2. Proof
Given a subset S ⊆ V (G), an S-cut is a pair (A,B) of non-empty subsets of V (G) such that V (G)=A∪B, S ⊆ A,B−A = ∅
and G has no edge joining A − B to B − A. The order of the S-cut is |A ∩ B|. We prove the following lemma. The proof is
inspired by the proof of Robertson and Seymour [10] and that of Bollobás and Thomason [2], and we believe this lemma itself
is of interest.
(2.1) Let G be a graph and S = {s1, ..., sk} be a set of k vertices. Suppose G has a Ka+k,2k-minor and no S-cut of order less
than k. Then G has vertex disjoint non-empty connected subgraphsH1, ..., Ha, C1, ..., Ck such that, each 1 i k, the subgraph
Ci contains si and is adjacent to all the subgraphs H1, ..., Ha .
Proof. We will prove the following slightly stronger statement, which immediately implies (2.1);
(∗) Suppose G contains a + 3k vertex disjoint non-empty subgraphs D1, ..., Da+k, F1, ..., F2k satisfying the following
condition:
1. Each Di is either connected or each of its components meets S.
2. Each Fi is either connected or each of its components meets S.
3. Each Di is adjacent to all Fj that do not meet S.
4. Each Fi is adjacent to all Dj that do not meet S.
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Also suppose G has no S-cut of order less than k such that at least a ofD1, ..., Da+k are in B −A and at least k of F1, ..., F2k
are in B − A. Then G satisﬁes the conclusion of (2.1). 
Proof. We prove statement (*) by induction on |V (G)|. It is easy to check that statement (∗) is true for |V (G)| = a + 3k. Let
G be a minimal counterexample to (∗), that is, take G such that |V (G)| + |E(G)| is as small as possible. Let E(S) be the set
of edges joining vertices in S. We claim that every edge e of E(G) − E(S) either connects Di and Fj for some i, j or Di and
Dj for i = j or Fi and Fj for i = j . First, suppose e ∈ E(G)− E(S) is an edge contained in some Di . If we contract e, then
the resulting graph is either no longer counterexample or has an S-cut of order exactly k. In the former case, we are done. So,
we may assume that there exists an S-cut (A,B) of order exactly k containing e. Since each Di is adjacent to all Fj that do not
meet S, for any i, Di cannot be contained in A− B. Let S′ = A ∩ B, G′ = 〈B〉, and let D′i =Di ∩G′ for 1 i a + k and let
F ′
i
= Fi ∩ G′ for 1 i 2k. Note that S ⊆ A. If S′ = S, then G − e would give a minimal counterexample. So A − B = ∅.
By the assumption and Menger’s theorem, there exist k disjoint paths from S to S′. Then G′,S′, D′
i
for 1 i a + k and F ′
i
for
1 i 2k satisfy the assumption of (∗). Hence G′ satisﬁes the conclusion of (∗) by the induction hypothesis, and so does G, a
contradiction. Therefore there are no such edges. Similarly, we can prove that there are no edges contained in any Fj − E(S),
since Fj is adjacent to allDi that do not meet S, which implies that any Fj cannot be contained inA−B. This implies that each
Di is either a singleton or contains a vertex in S and has no edges except for E(S), and each Fj is either a singleton or contains
a vertex in S and has no edges except for E(S). Moreover, at least a of Di ’s consist of only one vertex which is not in S, and at
least k of Fi ’s consist of only one vertex which is not in S. Let R be the set of Di that do not meet S and R′ be the set of Fi that
do not meet S. We claim that there exists a matching from S to R∪R′. Otherwise, there would be an S-cut of order less than k by
Hall’s theorem. Now contracting each edge of this matching would satisfy the conclusion of (∗). To see that, after the contraction
of the matching, we can get a + 2k connected subgraphs D′1, ..., D′a,D′a+1, ..., D′a+l1 , F ′1, ..., F ′l2 , F ′1+l2 , ..., Fk+l2 such that
l1 + l2 = k withl1, l2 0, everyD′a+j contains a vertex in S for j = 1, ..., l1 and every F ′l contains a vertex in S for l= 1, ..., l2.
Then we can clearly ﬁnd a desired rooted minor satisfying the conclusion of (∗). This completes the proof of (∗). 
Our main results, Theorems 1.2 and 1.3 follow from the above lemma and Theorems 1.4–1.7.
Let us remark that when a < k and a is very small, one can use the result in [13] to show that every (10k(a−1)+1)-connected
graph has a rooted Ka,k-minor. The result in [13] says that every 10k-connected graph is k-linked. (A graph is k-linked if for
every list of 2k vertices {s1, . . . , sk, t1, . . . , tk}, there exist internally disjoint pathsP1, . . . , Pk such that eachPi is an si , ti -path.)
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